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Abstract
In this work, we consider two frictionless contact problems between an elastic-piezoelectric body and an obstacle. The linear
elastic-piezoelectric constitutive law is employed to model the piezoelectric material and either the Signorini condition (if the ob-
stacle is rigid) or the normal compliance condition (if the obstacle is deformable) are used to model the contact. The variational
formulations are derived in a form of a coupled system for the displacement and electric potential fields. An existence and unique-
ness result is recalled. Then, a discrete scheme is introduced based on the finite element method to approximate the spatial variable.
Error estimates are derived on the approximate solutions and, as a consequence, the linear convergence of the algorithm is deduced
under suitable regularity conditions. Finally, some two-dimensional examples are presented to demonstrate the performance of the
algorithm.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
In this work, we numerically analyze and simulate two models for the process of frictionless contact between an
elastic-piezoelectric body and an obstacle.
Piezoelectricity is the ability of certain cristals, like the quartz (also ceramics (BaTiO3, KNbO3, LiNbO3, PZT-5A,
etc.) and even the human mandible or the human bone), to produce a voltage when they are subjected to mechanical
stress.
The piezoelectric effect is characterized by the coupling between the mechanical and the electrical properties of the
material: it was observed that the appearance of electric charges on some cristals was due to the action of body forces
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materials appears usually in the industry as switches in radiotronics, electroacoustics or measuring equipments.
During the last fifty years, different models to describe the interaction between the electric and mechanical fields
have been developed (see, e.g., [2,3,11,16–19,25–28] and the references therein). Recently, contact problems involving
elastic-piezoelectric materials [4,10,14,24] or viscoelastic piezoelectric materials [22] have been studied.
In this paper, we consider an elastic-piezoelectric body which may become in contact with an obstacle, the so-
called foundation. The contact is assumed frictionless and a normal compliance condition is employed to model it
(see [13,15]) if the contact surface of the obstacle is supposed to be deformable or the classical Signorini condition
if it is rigid. This paper continues [14], providing the analysis of the contact problem with a deformable obstacle, the
numerical analysis of the variational problem with the Signorini condition and some numerical results which exhibit
its behaviour, and it is parallel to [10,14].
The rest of the paper is structured as follows. In Section 2 we present the mechanical models, provide their vari-
ational formulation and state an existence and uniqueness result, Theorem 1. Then, a discrete scheme is introduced
in Section 3 based on the finite element method to approximate the spatial variable. A main error estimates result is
proved, Theorem 4, from which the linear convergence of the algorithm is deduced under suitable regularity condi-
tions. Finally, some numerical examples are presented in Section 4 in order to recover the convergence results of the
method obtained in Section 3.
2. Mechanical problems and their variational formulations
Denote by Sd the space of second order symmetric tensors on Rd and by “·” and ‖ · ‖ the inner product and the
Euclidean norms on Rd and Sd .
Let Ω ⊂ Rd , d = 1,2,3, denote a domain occupied by an elastic-piezoelectric body with a smooth boundary
Γ = ∂Ω . We denote by ν the unit outer normal vector to Γ and assume that this boundary is decomposed into three
disjoint parts ΓD , ΓF and ΓC such that meas (ΓD) > 0 (see Fig. 1).
Let x ∈ Ω be the spatial variable and, in order to simplify the writing, we do not indicate the dependence of the
functions on x.
Let us denote by u the displacement field, σ the stress tensor, ε(u) the linearized strain tensor given by
ε(u) = (εij (u)), εij (u) = 12
(
∂ui
∂xj
+ ∂uj
∂xi
)
,
and ϕ the electric potential.
The body is assumed elastic-piezoelectric and satisfying the following constitutive law (see [6,23]):
σ = Bε(u) − E∗E(ϕ),
Fig. 1. An elastic-piezoelectric body in contact with a foundation.
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Ei(ϕ) = − ∂ϕ
∂xi
, i = 1, . . . , d,
and E∗ = (e∗ijk)di,j,k=1 denotes the transpose of the third-order piezoelectric tensor E = (eijk)di,j,k=1. We recall that
e∗ijk = ekij for all i, j, k = 1, . . . , d.
According to [3] the following constitutive law is satisfied for the electric potential,
D = Eε(u) + βE(ϕ),
where D is the electric displacement field and β is the electric permittivity tensor.
Since the process is assumed static, the inertia effects are negligible and therefore,
Divσ + f 0 = 0 in Ω,
div D = q0 in Ω,
where f 0 is the density of the body forces acting in Ω and q0 is the volume density of free electric charges. Moreover,
Div and div represent the divergence operators for tensor and vector functions, respectively.
We turn now to describe the boundary conditions.
On the boundary ΓD we assume that the body is clamped and thus the displacement field vanishes there, that is
u = 0 on ΓD . Moreover, we assume that a density of traction forces, denoted by f F , acts on the boundary part ΓF ,
i.e.,
σν = f F on ΓF .
Finally, on the part ΓC the body can become in contact with an obstacle, the so-called foundation. If we assume that
the contact surface of the body is deformable, according to [13] the following normal compliance contact condition is
employed,
−σν = p(uν − g) on ΓC, (1)
where σν = σν · ν is the normal stress, uν = u · ν denotes the normal displacement, g represents the gap between
the body and the obstacle measured along the normal direction ν and p is a given function whose properties will be
described below.
If the obstacle is assumed rigid, the classical Signorini contact condition is used,
uν  g, σν  0, σν(uν − g) = 0 on ΓC. (2)
Moreover, in both cases we assume that the contact is frictionless and therefore, σ τ = σν − σνν = 0.
In order to simplify the writing of the boundary conditions for the electric potential, we assume that the electric
potential vanishes on ΓD and that the electric charge is prescribed on ΓF ∪ ΓC , that is,
ϕ = 0 on ΓD,
D · ν = qF on ΓF ∪ ΓC,
where qF denotes the density of surface electric charges. We note that it is straightforward to extend the results
presented below to more general situations by decomposing Γ in a different way.
The mechanical problem of the contact of an elastic-piezoelectric body with an obstacle is then written as follows.
Problem P. Find a displacement field u : Ω → Rd , a stress field σ : Ω → Sd , an electric potential field ϕ : Ω → R
and an electric displacement field D : Ω →Rd such that
σ = Bε(u) − E∗E(ϕ) in Ω, (3)
D = Eε(u) + βE(ϕ) in Ω, (4)
Divσ + f 0 = 0 in Ω, (5)
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u = 0 on ΓD, (7)
σν = f F on ΓF , (8)
σ τ = 0 on ΓC, (9)
ϕ = 0 on ΓD, (10)
D · ν = qF on ΓF ∪ ΓC, (11)
with either the contact condition (1) or (2).
In order to obtain the variational formulation of Problem P, let us introduce the following variational spaces:
V = {v ∈ [H 1(Ω)]d ; v = 0 on ΓD},
Q = {τ = (τij )di,j=1 ∈ [L2(Ω)]d×d; τij = τji, i, j = 1, . . . , d},
W = {ψ ∈ H 1(Ω); ψ = 0 on ΓD},
and denote H = [L2(Ω)]d . Moreover, let us define the convex set of admissible displacements in the following form:
U = {v ∈ V ; vν  g on ΓC},
where, for all v ∈ V , we let vν = v · ν.
The elastic tensor B(x) = (bijkl(x))di,j,k,l=1 : τ ∈ Sd → B(x)(τ ) ∈ Sd verifies
(a) bijkl = bklij = bjikl for i, j, k, l = 1, . . . , d.
(b) bijkl ∈ L∞(Ω) for i, j, k, l = 1, . . . , d.
(c) There exists mB > 0 such that B(x)τ · τ mB‖τ‖2
∀τ ∈ Sd , a.e. x ∈ Ω.
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
(12)
The piezoelectric tensor E(x) = (eijk(x))di,j,k=1 : τ ∈ Sd → E(x)(τ ) ∈Rd satisfies
(a) eijk = eikj for i, j, k = 1, . . . , d.
(b) eijk ∈ L∞(Ω) for i, j, k = 1, . . . , d.
}
(13)
The permittivity tensor β(x) = (βij (x))di,j=1 : w ∈Rd → β(x)(w) ∈Rd verifies
(a) βij = βji for i, j = 1, . . . , d.
(b) βij ∈ L∞(Ω) for i, j = 1, . . . , d.
(c) There exists mβ > 0 such that β(x)w · w mβ‖w‖2
∀w ∈Rd , a.e. x ∈ Ω.
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
(14)
The normal compliance function p(x) : r ∈R→ p(x, r) ∈R+ satisfies
(a) There exists mp > 0 such that
∣∣p(x, r1) − p(x, r2)∣∣mp|r1 − r2|
∀r1, r2 ∈R, a.e. x ∈ ΓC.
(b)
(
p(x, r1) − p(x, r2)
) · (r1 − r2) 0
∀r1, r2 ∈R, a.e. x ∈ ΓC.
(c) The mapping x ∈ ΓC 
→ p(x, r) is measurable on ΓC,
for all r ∈R.
(d) p(x, r) = 0 for all r  0.
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(15)
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f 0 ∈ H, f F ∈
[
L2(ΓF )
]d
,
q0 ∈ L2(Ω), qF ∈ L2(ΓF ∪ ΓC).
}
(16)
Finally, we assume that the gap function satisfies
g ∈ L2(ΓC), g(x) 0 a.e. x ∈ ΓC. (17)
Using the Riesz’ theorem, we define the linear mappings f ∈ V and q ∈ W as follows:
(f ,w)V =
∫
Ω
f 0 · w dx +
∫
ΓF
f F · w dΓ ∀w ∈ V,
(q,ψ)W =
∫
Ω
q0ψ dx −
∫
ΓF ∪ΓC
qFψ dΓ ∀ψ ∈ W.
Let us denote by j : V × V →R the normal compliance functional given by
j (u,v) =
∫
ΓC
p(uν − g)vν dΓ ∀u,v ∈ V,
where, for all v ∈ V , we recall that vν = v · ν.
In order to simplify the writing, let us define the operator B : V → V as follows:
(Bu,v)V =
(Bε(u),ε(v))
Q
+ j (u,v) ∀u,v ∈ V,
if contact condition (1) is employed, or
(Bu,v)V =
(Bε(u),ε(v))
Q
∀u,v ∈ V,
in the case of (2).
From (12) and (15), it is straightforward to check that (see [8]),
(Bu − Bv,u − v)V
= (Bε(u − v),ε(u − v))
Q
+ j (u,u − v) − j (v,u − v)
mB‖u − v‖2V ∀u,v ∈ V,
(Bu − Bv,w)V  c‖u − v‖V ‖w‖V ∀u,v,w ∈ V.
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
(18)
Plugging (3) into (5) and (4) into (6), keeping in mind that D = −∇ϕ and using the boundary conditions (7)–(11),
applying Green’s formula we derive the following variational formulation of Problem P.
Problem VP. Find a displacement field u ∈ U˜ and an electric potential field ϕ ∈ W such that,
(Bu,w − u)V +
(E∗∇ϕ,ε(w − u))
Q
 (f ,w − u)V ∀w ∈ U˜ , (19)
(β∇ϕ,∇ψ)H −
(Eε(u),∇ψ)
H
= (q,ψ)W ∀ψ ∈ W, (20)
where U˜ = V if we use (1) or U˜ = U in the case of (2).
Using analogous ideas to those employed in [24] for a normal compliance elastic problem, in [22] for the case of
viscoelastic materials or in [10,20,23] for some frictional elastic problems, we obtain the following theorem which
states the existence of a unique weak solution to Problem VP.
Theorem 1. Assume that (12)–(17) hold. Then there exists a unique solution to Problem VP such that u ∈ U˜ and
ϕ ∈ W .
The proof of Theorem 1 is based on classical results of variational inequalities and fixed point arguments.
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We now introduce a finite element algorithm to approximate solutions of Problem VP and derive an error estimate
on them.
The discretization of (19)–(20) is as follows. We consider two finite dimensional spaces V h ⊂ V and Wh ⊂ W
approximating the spaces V and W , respectively. Here h > 0 denotes the spatial discretization parameter. Moreover,
let Uh be the discrete convex set of admissible displacements defined by Uh = U ∩V h and denote by U˜h = V h if we
employ (1) or U˜h = Uh in the case of (2).
Remark 2. In the numerical simulations presented in the next section, V h and Wh consist of continuous and piecewise
affine functions, respectively, that is,
V h = {wh ∈ [C(Ω )]d ; wh|Tr ∈ [P1(Tr)]d Tr ∈ T h, wh = 0 on ΓD}, (21)
Wh = {ψh ∈ C(Ω ); ψh|Tr ∈ P1(Tr)Tr ∈ T h, ψh = 0 on ΓD}, (22)
where Ω is assumed to be a polygonal domain, T h denotes a finite element triangulation of Ω , and P1(Tr) represents
the space of polynomials of global degree less or equal to one in Tr.
We also notice that other finite element spaces could be employed, such as C1(Ω )-piecewise quadratic functions or
C2(Ω )-piecewise cubic functions. The numerical analysis presented below remains true and straightforward changes
should be done in Corollaries 5–7.
In this section, c denotes a positive constant which depends on the problem data, but is independent of the dis-
cretization parameter h.
Thus, the discrete approximation of Problem VP is the following.
Problem VPh. Find a discrete displacement field uh ∈ U˜h and a discrete electric potential field ϕh ∈ Wh such that,
for all wh ∈ U˜h and ψh ∈ Wh,(
Buh,wh − uh)
V
+ (E∗∇ϕh,ε(wh − uh))
Q

(
f ,wh − uh)
V
, (23)(
β∇ϕh,∇ψh)
H
− (Eε(uh),∇ψh)
H
= (q,ψh)
W
. (24)
We notice that the discrete Problem VPh can be seen as a coupled system of a variational inequality for the dis-
placement field and a variational equation for the electric potential. Using classical results of nonlinear variational
inequalities (see [9]) we obtain that Problem VPh admits a unique solution uh ∈ U˜h and ϕh ∈ Wh, which we summa-
rize in the following.
Theorem 3. Assume that (12)–(17) hold. Then there exists a unique solution to Problem VPh.
Our interest lies in estimating the numerical errors ‖u − uh‖V and ‖ϕ − ϕh‖W . We have the following main error
estimates result.
Theorem 4. Assume that (12)–(17) hold. Let (u, ϕ) and (uh,ϕh) denote the solutions to Problems VP and VPh,
respectively. Then, the following error estimates hold for all wh ∈ U˜h and ψh ∈ Wh,∥∥u − uh∥∥2
V
+ ‖ϕ − ϕh‖2W  c
(∥∥u − wh∥∥2
V
+ ∥∥ϕ − ψh∥∥2
W
+ R(u, ϕ,wh − u)), (25)
where
R
(
u, ϕ,wh − u)= (Bu,wh − u)
V
+ (E∗∇ϕ,ε(wh − u))
Q
− (f ,wh − u)
V
.
Proof. Taking (20) for ψ = ψh ∈ Wh and substracting it to (24) we obtain that(
β∇(ϕ − ϕh),∇ψh) − (Eε(u − uh),∇ψh) = 0 ∀ψh ∈ Wh.H H
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β∇(ϕ − ϕh),∇(ϕ − ϕh))
H
− (Eε(u − uh),∇(ϕ − ϕh))
H
= (β∇(ϕ − ϕh),∇(ϕ − ψh))
H
− (Eε(u − uh),∇(ϕ − ψh))
H
∀ψh ∈ Wh,
and therefore,(Eε(u − uh),∇(ϕ − ϕh))
H
= (β∇(ϕ − ϕh),∇(ϕ − ϕh))
H
− (β∇(ϕ − ϕh),∇(ϕ − ψh))
H
+ (Eε(u − uh),∇(ϕ − ψh))
H
(26)
for all ψh ∈ Wh.
We proceed now to estimate the numerical errors. Taking variational inequality (19) for w = uh ∈ V h we obtain,(
Bu,u − uh)
V
+ (E∗∇ϕ,ε(u − uh))
Q

(
f ,u − uh)
V
. (27)
We rewrite now the discrete variational inequality (23) as follows:(−Buh,u − uh)
V
+ (−E∗∇ϕh,ε(u − uh))
Q

(
f ,uh − wh)
V
+ (Buh,wh − u)
V
+ (E∗∇ϕh,ε(wh − u))
Q
∀wh ∈ U˜h. (28)
Adding (27) and (28) we have,(
Bu − Buh,u − uh)
V
+ (∇(ϕ − ϕh),Eε(u − uh))
Q

(
Buh − Bu,wh − u)
V
− (E∗∇(ϕ − ϕh),ε(wh − u))
Q
+ R(u, ϕ,wh − u) ∀wh ∈ U˜h,
where
R
(
u, ϕ,wh − u)= (Bu,wh − u)
V
+ (E∗∇ϕ,ε(wh − u))
Q
− (f ,wh − u)
V
.
Keeping in mind (26), it leads to the following inequality,(
Bu − Buh,u − uh)
V
+ (β∇(ϕ − ϕh),∇(ϕ − ϕh))
H

(
Buh − Bu,wh − u)
V
− (E∗∇(ϕ − ϕh),ε(wh − u))
Q
+ R(u, ϕ,wh − u)
+ (β∇(ϕ − ϕh),∇(ϕ − ψh))
H
− (Eε(u − uh),∇(ϕ − ψh))
H
for all wh ∈ U˜h and ψh ∈ Wh.
Applying repeatedly the inequality
ab a2 + 1
4
b2, a, b,  ∈R,  > 0,
and using properties (13), (14) and (18), after some calculations it follows that
mB
∥∥u − uh∥∥2
V
+ mβ
∥∥ϕ − ϕh∥∥2
W
 
∥∥u − uh∥∥2
V
+ c∥∥u − wh∥∥2
V
+ ∥∥ϕ − ϕh∥∥2
W
+ c∥∥u − wh∥∥2
V
+ R(u, ϕ,wh − u)+ ∥∥ϕ − ϕh∥∥2
W
+ c∥∥ϕ − ψh∥∥2
W
+ ∥∥u − uh∥∥2
V
+ c∥∥ϕ − ψh∥∥2
W
∀wh ∈ U˜h, ψh ∈ Wh,
where  > 0 is assumed small enough, which leads to (25). 
We notice that the above error estimates are the basis for the analysis of the convergence rate of the algorithm.
Thus, let Ω be a polyhedral domain and denote by T h a regular triangulation of Ω compatible with the partition of
the boundary Γ = ∂Ω into ΓD , ΓF and ΓC . Let the finite element spaces V h and Wh be defined by (21) and (22).
We notice that if the normal compliance contact condition (1) is employed, it is easy to check that
R
(
u, ϕ,wh − u)= 0 ∀wh ∈ U˜h = V h,
and the previous theorem leads to the following corollary which states the linear convergence of the algorithm.
912 M. Barboteu et al. / J. Math. Anal. Appl. 339 (2008) 905–917Corollary 5. Assume that (12)–(17) hold. Let (u, ϕ) and (uh,ϕh) denote the solutions to Problems VP and VPh,
respectively. Under the following regularity conditions:
u ∈ [H 2(Ω)]d, ϕ ∈ H 2(Ω),
the algorithm provided in Problem VPh is linearly convergent, that is, there exists a positive constant c > 0, indepen-
dent of h, such that,∥∥u − uh∥∥
V
+ ∥∥ϕ − ϕh∥∥
W
 ch.
The proof of Corollary 5 is obtained using the approximation properties of the finite element spaces V h and Wh
(see [5]).
If we consider the Signorini contact condition (2) then we have
R
(
u, ϕ,wh − u) c∥∥u − wh∥∥
V
,
where c depends linearly on the norms ‖u‖V and ‖ϕ‖W . Thus, we obtain a first estimation on the numerical errors
which we summarize in the following.
Corollary 6. Assume that (12)–(14), (16) and (17) hold. Let (u, ϕ) and (uh,ϕh) denote the solutions to Problems VP
and VPh, respectively. Under the following regularity conditions:
u ∈ [H 2(Ω)]d, ϕ ∈ H 2(Ω),
there exists a positive constant c > 0, independent of h, such that,∥∥u − uh∥∥
V
+ ∥∥ϕ − ϕh∥∥
W
 ch1/2.
Again, the proof of Corollary 6 is based on the approximation properties of the finite element spaces V h and
Wh (see [5]). However, the convergence rate can be improved if we assume additional regularity conditions on the
continuous solution.
Integrating by parts the equilibrium equation (5) and using the constitutive law (3) and the boundary conditions
(7)–(9), it follows that
R
(
u, ϕ,wh − u)= ∫
ΓC
σν
(
wh · ν − uν
)
dΓ ∀wh ∈ V h.
Then, if we assume that
σν ∈ L2(ΓC), uν ∈ H 2(ΓC), (29)
the following corollary, which states the linear convergence of the algorithm, is deduced.
Corollary 7. Let the assumptions of Corollary 6 hold. Under the additional regularity (29) the linear convergence for
the algorithm introduced in Problem VPh is achieved, that is, there exists a positive constant c > 0, independent of h,
such that,∥∥u − uh∥∥
V
+ ∥∥ϕ − ϕh∥∥
W
 ch.
Remark 8. We notice that the regularity conditions assumed in Corollaries 5, 6 and 7 are not provided in Theorem 1,
but previous studies on elastic contact problems allow us to do it (see [12]). However, this is still an open problem
which we hope to address in the near future.
4. A numerical example
In order to recover the convergence results of the discrete method discussed in the previous section, some experi-
ments have been done in the study of two-dimensional test problems. First, in Section 4.1 we describe the algorithm
used to solve Problem VPh and, secondly, in Section 4.2 we present some numerical results which permit to highlight
the linear convergence obtained in Corollaries 5 and 7.
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The algorithm, used in solving the discrete frictionless contact Problem VPh, is based on an augmented Lagrangian
approach (developed in [1]) to take into account the Signorini and normal compliance laws. Indeed, the use of this
approach permits at the same time to treat in an exact way the Signorini unilateral contact law but also to simulate the
behaviour of the normal compliance law; that is possible because this augmented Lagrangian method degenerates into
a penalization method (see [1] or [29]). In order to give the solution algorithm, we have to introduce the expressions
of the functions wh and uh (respectively ϕh and ψh) by considering theirs values at the ith nodes of T h and the
basis functions αi (respectively γ i ) of the space V h (respectively Wh) for i = 1, . . . ,Ntot (Ntot is the total number of
nodes),
wh =
Ntot∑
i=1
wiαi, uh =
Ntot∑
i=1
uiαi, (30)
and
ψh =
Ntot∑
i=1
ψiγ i, ϕh =
Ntot∑
i=1
ϕiγ i . (31)
The Lagrangian approach presented in [1] shows us that Problem VPh can be governed by the following system of
nonlinear and non-differentiable equations
G(u, ϕ) +F(u, λ) = 0. (32)
The vectors u, ϕ and λ represent respectively the generalized vectors defined as follows:
u = {ui}Ntot
i=1, ϕ =
{
ϕi
}Ntot
i=1 and λ =
{
λi
}Ntot
i=1. (33)
The contact operator F(u, λ) denotes the gradient of the augmented Lagrangian functional Lh in the direction (u, λ).
The terms λ are the Lagrange multipliers which represent the frictionless contact forces. More details on the aug-
mented Lagrangian method including concrete expression for the functional Lh can be found in [1]. One can notice
that in the case of the normal compliance law, the contact operator F is differentiable and does not depend on the
multiplier λ. In addition, G(u, ϕ) represents the elastic-piezoelectric term given by(
G(u, ϕ) · (w,ψ))
RNtot
= (Bε(u),ε(wh))
Q
+ (Eε(wh),∇ϕ)
Q
− (f ,wh)
V
− (Eε(u),∇ψh)
H
+ (β∇ϕ,∇ψh)
H
− (q,ψh)
W
∀wh ∈ V h, ψh ∈ Wh, (34)
where w (respectively ψ ) represents the generalized vector constituted by the values wi (respectively ψi ) for i =
1, . . . ,Ntot. We can remark that the volume and surface efforts are contained in the term G(u, ϕ).
A Newton-type algorithm is used to solve the problem (32); this solution permits to treat, at the same time, both
the triplet (u, ϕ,λ) that we denote by the variable x thereafter. This Newton algorithm can be summarized by the
following iteration process:
xi+1 = xi − (Ki + Ti)−1(G(ui , ϕi)+F(ui , λi)),
Ki = Du,ϕG
(
ui , ϕi
)
and Ti ∈ ∂u,λF
(
ui , λi
)
,
where xi+1 denotes the triplet (ui+1, ϕi+1, λi+1) and i represents the Newton iteration index. Here, Du,ϕG represents
the differential of the function G according to the variables u and ϕ, and ∂u,λF(x) denotes the generalized Jacobian
of F at x. We use it here since the contact operator F is not differentiable in the case of the Signorini condition. This
leads us to solve the resulting linear system(
Ki + Ti)xi = −G(ui , ϕi)−F(ui , λi), (35)
where xi = (ui ,ϕi,λi) with ui = ui+1 − ui , ϕi = ϕi+1 − ϕi and λi = λi+1 − λi . We solve the linear
system of Eqs. (35) by using a Conjugate Gradient Method with efficient preconditioners to overcome the poor condi-
tioning of the matrix due to the contact terms. For more details, we refer the reader to [21]. We remark that, in the case
where the operator G is linear, the matrice Ki do not change during the Newton iterations. For more considerations
about Computational Contact Mechanics, see the recent monograph [29].
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In order to recover the theoretical numerical behaviour of the discrete scheme discussed in Section 3, we carry
out some numerical simulations based on an academic elastic-piezoelectric contact problem with normal compliance
and Signorini laws. To do that, we consider a piezoelectric body extending indefinitely in the first direction X1 of
a cartesian coordinate frame (O,X1,X2,X3). The material was assumed to be PZT-5A, a piezoceramic isotropic
with hexagonal symmetry (class 6 mm in the international classification [11]). In the crystallographic frame, the X3-
direction is a six-fold revolution symmetry axis and the (X1OX3) and (X2OX3) planes are mirrors. The electric and
mechanical loads applied to the body are supposed to be constant along the X1 direction. As a consequence, the fields
E, D, ε and σ turn out to be constant along X1. In addition, we suppose that ε11 = 0, ε12 = 0, ε13 = 0 and D1 = 0;
thus, we have to consider a plane problem. In the frame (O,X2,X3), the constitutive equations (3) and (4) can be
written by using a compressed matrix notation instead of the tensor notation as follows:⎡
⎢⎢⎢⎢⎣
σ22
σ33
σ23
D2
D3
⎤
⎥⎥⎥⎥⎦=
⎡
⎢⎢⎢⎢⎣
b22 b23 0 0 e32
b23 b33 0 0 e33
0 0 b44 e24 0
0 0 e24 −β22 0
e32 e33 0 0 −β33
⎤
⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎢⎣
ε22
ε33
2ε23
−E2
−E3
⎤
⎥⎥⎥⎥⎦
where the following identifications are done:
bijkl ≡ bpq =
⎛
⎝ b22 b23 0b23 b33 0
0 0 b44
⎞
⎠ and eijk ≡ epq =
(
0 0 e24
e32 e33 0
)
with the following notation:
ij or kl = 22 → p or q = 2,
ij or kl = 33 → p or q = 3,
ij or kl = 23 or 32 → p or q = 4.
The coefficients values are given in Table 1 (obtained from [7]). The permittivity constant of the vacuum is
0 = 8.885 × 10−12 C2/(N m2). As a two-dimensional example, we consider the problem depicted in Fig. 2,
Table 1
Material constants of PZT-5A
Elastic (GPa) Piezoelectric (C/m2) Permittivity (C2/(N m2))
b22 b23 b33 b44 e32 e33 e24 β22/0 β33/0
121 75.2 111 21.1 −5.4 15.8 12.3 916 830
Fig. 2. Discretization of the body in contact with a foundation.
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Fig. 4. Initial boundary, the electric potential and the electric displacement (arrows) in the deformed configuration.
where a rectangular body is in contact with a foundation. The domain Ω = (0,8) × (0,4) is a cross-section of
a three-dimensional rectangular body clamped on ΓD = {0} × [0,4] and the electric potential is free there. Let
ΓF = ({8} × [0,4]) ∪ ([0,8] × {4}). The body is subjected to the action of surface tractions acting on [0,8] × {4},
i.e., f F (x2, x3) = (0,−10x3) N/m2, while the part {8} × [0,4] is free. The body is in contact with a foundation
on ΓC = [0,8] × {0}. Finally, we assume that there are no body forces and no electric charges, i.e. f 0 = 0 N/m3,
q0 = 0 C/m3 and qF = 0 C/m2.
The normal compliance function p has the following form:
p(v) = 1
μ
v+,
where v+ = max{0, v} and μ is a deformability coefficient. Value μ = 10−10 was employed in the simulations pre-
sented below.
In Fig. 3, the deformed configuration as well as the contact interface forces on ΓC are plotted in the case of the
Signorini contact conditions; these results are practically identical in the case of normal compliance contact. It can be
seen that all the contact zone is in slip case and the contact forces are following the direction X3; that is due to the
fact that the problem is frictionless.
In addition, Fig. 4 shows the distribution of the electric potential and the electric displacement (arrows) in the body.
We can easily notice a certain correspondence between the distribution of the electric potential intensity and the elastic
stresses presented in Fig. 5. This happens since the higher values of the electric potential are localised on the zones
where the contact forces and the traction forces are stronger. In order to represent the elastic stresses we used the von
Mises stress norm, which is given in the case of glide stresses by
‖σ‖VM =
√
σ 21 + σ 22 + σ 33 − σ 1σ 2 − σ 2σ 3 − σ 1σ 3,
where σ i , i = 1,2,3, are the principal directions; σ 3 = r(σ22 + σ33) with a Poisson’s coefficient r equal to 0.31. To
see the convergence behaviour of the discrete scheme, we compute a sequence of numerical solutions based on uni-
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Fig. 6. Estimated errors.
form triangulations of the domain [0,8] × [0,4] of the type shown in Fig. 2 which represents a coarse discretization
(h = 1/2). Then, we provide the estimated error values for several discretization parameters of h. Here, the sides of
the square are divided into 2/h equal parts. We start with h = 1 which is successively halved. The numerical solution
corresponding to h = 1/256 is taken as the “exact” solution, which is used to compute the errors of the numerical
solutions with larger values of h. This finest discretization corresponds to a problem with around 198 000 degres of
freedom. In Fig. 6, the estimated errors are presented in the cases of normal compliance and Signorini laws. The con-
vergence of the finite element scheme is clearly observed. However, the linear asymptotic convergence behaviour
obtained in Corollaries 5 and 7 is not achieved (Fig. 6). One can note that these results are practically identical for the
two studied cases of contact.
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